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The strongest version of the gauge/gravity duality conjecture relates the 1/N correction in super Yang-Mills
theory and the quantum correction in superstring theory. We perform a quantitative test of this conjecture
at finite temperature, by studying the D0-brane matrix quantum mechanics and the black zero-brane in type
IIA superstring theory. We find good agreement, which strongly suggests that the super Yang-Mills theory
does provide us with a nonperturbative formulation of quantum gravity through the gauge/gravity duality.
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1 Introduction
The quantum nature of gravity is one of the most important subjects in theoretical physics. It is getting
even more important because the Higgs mass measured in LHC suggests that the standard model would be
valid all the way up to the Planck scale. In this talk we explain the lattice gauge theory can play crucial
role in the study of the quantum gravity.
Superstring theory is a promising candidate of the theory of everything, which unifies the standard
model of particle physics and gravity. In particular, it provides us with a consistent theory of quantum
gravity. In Fig. 1 scattering of two closed strings is shown. Strings propagate from left to right and sweep
a two-dimensional surface called ‘world-sheet.’ In the left figure, two closed strings interact and merge
to a single closed string, and then it splits to two. This is the tree level diagram. In the right figure, a
loop of closed strings appear as an intermediate state. Each closed string loop multiplies a factor g2s to
the amplitude, where gs is the string coupling constant; a diagram with g closed string loops, which is
represented by a genus-g surface, carries a factor g2gs . In principle, one can take into account the quantum
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Fig. 1 Scatterings of two closed strings, tree level (left) and one loop (right). Each closed string loop picks up a factor
g2s . (This figure is taken from [1].)
Copyright line will be provided by the publisher
ar
X
iv
:1
40
7.
53
22
v1
  [
he
p-
th]
  2
0 J
ul 
20
14
2 M. Hanada: Does Yang-Mills theory describe quantum gravity?
Fig. 2 Three-point and four-point interaction of the gauge field.
Fig. 3 Relationship between a Feynman diagram (solid line) and a two-dimensional surface made of triangles and
quadrangle (dotted line). Three- and four-point vertices in the Feynman diagram are surrounded by triangles and
quadrangles.
correction order by order by increasing the genus. But it is just a perturbative definition at best. How can
one formulate string theory nonperturbatively?
In 1970s ’t Hooft pointed out a deep relationship between the Yang-Mills theory with the U(N) gauge
group and string theory, based on the 1/N expansion around the ’t Hooft large-N limit (i.e. λ ≡ g2YMN
fixed). Because the gauge field is represented by N × N matrices, the propagator is represented by two
lines, which represent the row and column, respectively. The interaction is described by three- and four-
point vertices (Fig. 2). A typical example of Feynman diagrams is shown in Fig. 3. It contains the vertices,
propagators and closed loops of matrix indices. Because the action is written as (N/4λ)
∫
d4xTrF 2µν ,
each vertex and propagator are associated with N and N−1, respectively. A closed loop carries a factor
N because a sum over the index, which runs from 1 to N , is involved. Therefore, each vacuum diagram
is proportional to Nχ, where χ ≡ (# vertices) − (# propagators) + (# index loops). As a next
step, we relate Feynman diagrams to two-dimensional surfaces. Intuitively, a Feynman diagram with
many lines looks like a dense ‘fishnet’, which eventually becomes indistinguishable from a continuum
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Fig. 4 Triangulation/quadrangulation of a sphere, g = 0. (# triangles)−(# sides)+(# vertices) = 4−6+4 = 2
for the middle and (# quadrangle)− (# sides) + (# vertices) = 6− 12 + 8 = 2 for the right.
Fig. 5 Triangulation/quadrangulation of a torus, g = 1. Red and blue lines are identified, respectively.
(# quadrangle)− (# sides) + (# vertices) = 1− 2+ 1 = 0 for the upper-right and (# triangles)− (# sides) +
(# vertices) = 2− 3 + 1 = 0 for the bottom.
two-dimensional surface. In order to make this intuition mathematically well-defined, let us notice that a
Feynman diagram can be translated to a two-dimensional surface made of triangles and quadrangles, as
shown in Fig. 3. From the figure it is easy to see that
(# triangles) = (# three-point vertices),
(# quadrangles) = (# four-point vertices),
(# sides) = (# propagators),
(# vertices) = (# index loops). (1)
(2)
Therefore
χ = (# triangles/quadrangle)− (# sides) + (# vertices) = 2− 2g, (3)
which is the Euler number of the two-dimensional surface. Note that the Euler number depends only on
the number of genus g, as demonstrated in Fig. 4 and Fig. 5. Therefore, it is natural to identify the
string world-sheet and the coupling constant gs with the Feynman diagram and 1/N , respectively. In this
picture, the closed string corresponds to the Wilson loop, because gluons sourced by the Wilson loop form
a cylinder-shaped fishnet, which is identified with the world-sheet swiped by the closed string (Fig. 6).
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Fig. 6 The Wilson loop sources many gluons, which form a cylinder-shaped fishnet. This cylinder is identified to the
world-sheet of the closed string, and hence the Wilson loop is identified with the creation function of the closed string.
If this identification is correct, then the Yang-Mills theory provides us with a nonperturbative formula-
tion of string theory, because it is defined without relying on the 1/N expansion. (A usual instanton effect
∼ e−8pi2/gYM2 translates into e−N ∼ e−1/gs and hence it is nonperturbative also in the context of string
theory.)
This argument is rather formal and it was not clear which specific gauge theory describes string theory.
More than 20 years after ’t Hooft’s proposal, Maldacena conjectured that maximally supersymmetricU(N)
Yang-Mills theory in (p + 1) dimensions corresponds to type II superstring theory on the black p-brane
background [3, 4]. Here the black p-brane is a black hole-like object with p-dimensional spatial extension.
The black 0-brane, which we consider below, is just a black hole. Therefore, if Maldacena’s conjecture is
correct, by studying the 1/N correction in Yang-Mills theory one can learn about quantum gravity.
The gauge/gravity duality conjecture motivated Kaplan, Katz and Unsal to put super Yang-Mills theories
in various dimensions on lattice [5]. By now there are various lattice and non-lattice techniques with which
one can simulate super Yang-Mills theories in various dimensions. In this talk we consider the (0 + 1)-
dimensional theory, which is numerically most tractable. We compare the mass of the black hole and
its counterpart in the gauge theory and find a good agreement at finite values of N , which provides us
with quantitative evidence supporting the Maldacena conjecture at finite-N and quantum gravity level.
We briefly explain the dual gravity prediction for the gauge theory in Sec. 2 and test it by Monte Carlo
simulation in Sec. 3. We discuss implications of our result and future directions in Sec. 4.
2 The gauge/gravity duality and dual gravity prediction
Black p-brane consists of a large number of Dp-branes [6], which are (p + 1)-dimensional objects on
which open strings can have endpoints (Fig. 7). The low-energy dynamics of N D-branes are described by
maximally supersymmetric U(N) Yang-Mills theory in (p+ 1) dimensions [7], whose action is given by
S =
1
g2YM
∫
dp+1x Tr
{
1
4
F 2µν +
1
2
(DµXi)
2 − 1
4
[Xi, Xj ]
2
}
+ (fermions), (4)
where µ, ν run from 1 to p+ 1 and Xi (i = 1, 2, · · · , 9− p) are scalar fields. The spacetime dimension is
p + 1 because open strings can move only along D-branes. Intuitively, (i, j)-components of the matrices
represent an open string connecting i-th and j-th D-branes. Scalar fields Xi describe the fluctuations of
D-branes and open strings to the transverse directions.
D-branes are massive objects and hence source the gravitational field, or in other words, D-branes emit
close strings, the spacetime gets curved, and they turn to a black p-brane. Near the horizon, the metric of
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Fig. 7 Open strings are attached to D-branes. Closed strings can propagate away from D-branes. (This figure is taken
from [1].)
the black p-brane geometry is given by [4, 8]
ds2 = α′
{
U (7−p)/2
gYM
√
dpN
[
−
(
1− U
7−p
0
U7−p
)
dt2 + dy2‖
]
+
gYM
√
dpN
U (7−p)/2
(
1− U7−p0U7−p
)dU2 + gYM√dpNU (p−3)/2dΩ28−p
}
, (5)
where the Yang-Mills coupling gYM and the size of the gauge group N in the corresponding super Yang-
Mills theory are used. A constant α′ is the square of the string length, (t, y‖) represent the (p + 1)-
dimensional extension of the brane, U and Ω are the radial and angular coordinate of the transverse direc-
tions, and U0 is the place of the horizon. The Hawking temperature is
TH =
(7− p)U (5−p)/20
4pi
√
dpg2YMN
, (6)
where dp = 27−2ppi(9−3p)/2Γ((7− p)/2). The string coupling constant is given by
gs = (2pi)
2−pg2YM
(
dpg
2
YMN
U7−p
) 3−p
4
. (7)
When λ = g2YMN is fixed, it behaves as gs ∝ 1/N , in the same way as in ’t Hooft’s identification.
Maldacena conjectured that super Yang-Mills describes full string dynamics around the black brane and
the 1/N correction corresponds to the quantum correction. The Hawking temperature and the mass of the
black brane are identified with the temperature and the energy E ≡ −∂ logZ/∂β of the gauge theory. In
this work we study the case of p = 0. The gauge theory is quantum mechanics of N ×N matrices, which
was originally proposed as the matrix model of M-theory [9]. The black hole mass can be calculated by
adding stringy corrections to the black 0-brane geometry shown above. The result is [10]
1
N2
Egravity = (7.41T
2.8 + a T 4.6 + · · · ) + (−5.77T 0.4 + b T 2.2 + · · · ) 1N2 +O
(
1
N4
)
, (8)
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Fig. 8 Egauge/N2 − (7.41T 2.8 − 5.77T 0.4/N2).
where T = λ−1/3TH is dimensionless effective temperature and a, b are unknown constants. The energy
Egravity is also made dimensionless, by multiplying λ−1/3. In the following, we simply set λ = 1 without
loss of generality. Higher order terms in each power of 1/N represent to the α′ corrections, which appear
because strings are not point-like. If Maldacena’s conjecture is correct, this expression must be reproduced
from the matrix quantum mechanics.
3 Testing the duality
The O(N0) terms of the dual gravity prediction (8) have been tested previously in [11–14]. In particular,
the α′ correction a T 4.6 has been confirmed with a = −5.58(1), by looking at T & 0.5 [13].
In order to study the 1/N correction, we must study rather small values of N . Here we study N = 3, 4
and 5. (That we have to take N small caused a technical problem which required a proper treatment;
see [15].) We also have to study low temperature where the α′ correction becomes small, because there are
too many fitting parameters otherwise. For this reason we consider 0.08 ≤ T ≤ 0.11.
In Fig. 8 we plot Egauge/N2 − (7.41T 2.8 − 5.77T 0.4/N2). Remarkably, this quantity behaves as
1/N4.Therefore the first two terms of the 1/N2 expansion agree with the dual gravity prediction, and
terms of order 1/N6 and higher are small compared to the 1/N4 term. As a further test, we estimated the
coefficient of 1/N2 by using a fitting ansatz Egauge = 7.41T 2.8 + c1/N2 + c2/N4. In Fig.9 we show this
coefficient normalized by the dual gravity prediction, c1/(−5.77T 0.4). It is reasonably close to 1. This is
very strong evidence that the gauge/gravity duality holds at quantum gravity level.
4 Discussion
We have shown the first quantitative evidence for the gauge/gravity duality at the level of finite N (gauge
theory side) and quantum gravity (gravity side) beyond kinematics, by studying the finite temperature
system in which supersymmetry is broken by the thermal effect. We studied mass of the black hole in
superstring theory and its counterpart in the Yang-Mills theory, and found good agreement. It strongly
suggests that, as Maldacena claimed in the first paper on the gauge/gravity duality [3], the gauge theory
provides us with the nonperturbative formulation of superstring theory. Then, by studying the dynamics
of super Yang-Mills theory on computers, we can learn about quantum gravity.
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Fig. 9 The coefficient of 1/N2 divided by −5.77T 0.4.
Furthermore, in [15], we found that the negative specific heat appears at very low temperature (T . 0.10
for N = 3, 4 and 5). It suggests that the quantum correction drives black hole unstable and makes it
evaporate. If it can be shown more robustly, then the black hole described through the gauge theory
would provides us with a concrete counter-example to Hawking’s information loss paradox [16]. We
expect further numerical study of the Yang-Mills theory will lead us to a better understanding about the
information puzzle, especially how the information comes back from the black hole.
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